We study two types of entropic-force models in a homogeneous, isotropic, spatially flat, matterdominated universe. The first type is a 'Λ(t) type' similar to Λ(t)CDM (varying-lambda cold dark matter) models in which both the Friedmann equation and the acceleration equation include an extra driving term. The second type is a 'BV type' similar to bulk viscous models in which the acceleration equation includes an extra driving term whereas the Friedmann equation does not. In order to examine the two types systematically, we consider an extended entropic-force model that includes a Hubble parameter (H) term and a constant term in entropic-force terms. The H term is derived from a volume entropy whereas the constant term is derived from an entropy proportional to the square of an area entropy. Based on the extended entropic-force model, we examine four models obtained from combining the H and constant terms with the Λ(t) and BV types. The four models agree well with the observed supernova data and describe the background evolution of the late universe properly. However, the evolution of first-order density perturbations is different in each of the four models, especially for low redshift. The Λ(t) type is found to be consistent with the observed growth rate of clustering, in contrast with the BV type examined in this study.
We study two types of entropic-force models in a homogeneous, isotropic, spatially flat, matterdominated universe. The first type is a 'Λ(t) type' similar to Λ(t)CDM (varying-lambda cold dark matter) models in which both the Friedmann equation and the acceleration equation include an extra driving term. The second type is a 'BV type' similar to bulk viscous models in which the acceleration equation includes an extra driving term whereas the Friedmann equation does not. In order to examine the two types systematically, we consider an extended entropic-force model that includes a Hubble parameter (H) term and a constant term in entropic-force terms. The H term is derived from a volume entropy whereas the constant term is derived from an entropy proportional to the square of an area entropy. Based on the extended entropic-force model, we examine four models obtained from combining the H and constant terms with the Λ(t) and BV types. The four models agree well with the observed supernova data and describe the background evolution of the late universe properly. However, the evolution of first-order density perturbations is different in each of the four models, especially for low redshift. The Λ(t) type is found to be consistent with the observed growth rate of clustering, in contrast with the BV type examined in this study. Λ(t)CDM models (which assume cold dark matter and a variable cosmological term Λ(t)) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] have been extensively examined in an effort to explain an accelerated expansion of the late universe [12] [13] [14] [15] [16] . In this model, a varying Λ(t) (which corresponds to an extra driving term) is added to both the Friedmann equation and the Friedmann-Lemaître acceleration equation, instead of a cosmological constant Λ. We call this the 'Λ(t) type' of cosmological model. In contrast, in bulk viscous models (which assume a bulk viscosity of cosmological fluids) and in CCDM models (which assume a creation of cold dark matter) [43] [44] [45] [46] [47] , the Friedmann equation does not include an extra driving term because dissipation processes are assumed. We call this the 'BV (bulk viscous) type'. The Λ(t) and BV types can be interpreted as being modifications of the left-and right-hand sides of the Einstein equation, respectively. (For cosmological models, see Refs. [48] [49] [50] [51] and references therein.)
Recently, an entropic-force model has been proposed [52, 53] and examined from various viewpoints [54] [55] [56] [57] [58] [59] [60] [61] . In the entropic-force model, an extra driving term, i.e., an entropic-force term, is derived from the usually neglected surface terms on the horizon of the universe, assuming that the horizon has an entropy and a temperature [52] . For example, the Bekenstein entropy (area entropy) and the Hawking temperature are used in the original entropic-force model [52] . (Note that the entropic-force considered here is different from the idea that gravity it- * E-mail: komatsu@t.kanazawa-u.ac.jp self is an entropic-force [62, 63] .) The obtained entropicforce term is usually added to both the Friedmann and acceleration equations [52] [53] [54] . Accordingly, the original entropic-force model is Λ(t) type. The present authors have proposed a modified entropic-force model [57] assuming a generalized black-hole entropy proportional to its volume, based on appropriate nonadditive generalizations [64] . The obtained entropic-force terms behave as if they were an extra driving term for bulk viscous models. Therefore, the present authors have assumed dissipation processes similar to the bulk viscous model [57] . That is, the modified entropic-force model corresponds to the BV type. In this way, entropic-force models proposed so far can be categorized into Λ(t) and BV types, using different formulations.
In entropic-force models, entropic-force terms depend on the class of entropy. For example, H 2 terms are derived from an area entropy [52] , whereas H terms are derived from a volume entropy [57] , where H is the Hubble parameter. The entropic-force terms affect the background evolution of the universe. Note that we do not discuss inflation of the early universe. In fact, entropicforce models which include H 2 terms cannot describe a decelerating and accelerating universe [9, 55, 60] . On the other hand, a modified entropic-force model which includes H terms can describe a decelerating and accelerating universe [57] . Of course, the entropic-force terms affect density perturbations as well. For example, Basilakos et al. have recently shown that the original entropic-force model (which includes H 2 terms) does not describe cosmological fluctuations properly without the inclusion of a constant term [60] . Also, they have found that Λ(t)CDM models (similar to the original entropicforce model) are not consistent with the structure forma-tion data [6] . Furthermore, Li and Barrow have explained that bulk viscous models (which include H terms) are difficult to reconcile with astronomical observations of structure formations [33] . The previous works suggest that it is necessary to consider not only an H term but also a constant entropic-force term.
The constant term has been examined in Λ(t)CDM [6, [8] [9] [10] 60] and CCDM models [43] [44] [45] [46] [47] , whereas H terms have been investigated in Λ(t)CDM [6] and bulk viscous models . In those works, the influence of the extra driving terms is focused on, and therefore, the difference between the Λ(t) and BV types has not yet been discussed systematically. This is because the two types are usually categorized into different models, e.g., Λ(t)CDM, CCDM, and bulk viscous models. However, it is possible to examine the two types systematically through entropic-force models. Density perturbations of the two types are expected to be different from each other, because each continuity equation of cosmological fluids is different even if the background evolution of the universe is the same. Therefore, in the present study, we examine the properties of the Λ(t) and BV types of entropic-force models. To this end, we consider an extended entropicforce model which includes H and constant terms. The constant term is derived from an entropy proportional to the square of an area entropy [57] .
The remainder of the present paper is organized as follows. In Sec. II, we present the general Friedmann and continuity equations and discuss entropic-force models. In Sec. II A, we present a brief review of two types of standard entropic-force model, i.e., the Λ(t) and BV types. In Sec. II B, in order to examine the two types systematically, we consider an extended entropic-force model which includes H and constant terms. In Sec. III, we briefly review the density perturbations of the Λ(t) and BV types, in the linear approximation. In Sec. IV, based on the extended entropic-force model, we propose four models obtained from combining the H and constant terms with the Λ(t) and BV types. In Sec. V, we examine the evolution of the universe in the four entropic-force models. Finally, in Sec. VI, we present our conclusions.
II. GENERAL FRIEDMANN EQUATIONS AND ENTROPIC-FORCE MODELS
In the present paper, we consider a homogeneous, isotropic, and spatially flat universe and examine the scale factor a(t) at time t in the Friedmann-Lemaître-Robertson-Walker metric [55] [56] [57] . The general Friedmann equation is given as
and the general acceleration equation isä
where H(t) is defined by
G, c, ρ(t), and p(t) are the gravitational constant, the speed of light, the mass density of cosmological fluids, and the pressure of cosmological fluids, respectively. f (t) and g(t) are general functions corresponding to extra driving terms discussed later. We can obtain the general continuity equation from the general Friedmann and acceleration equations, because two of the three equations are independent. From Eqs. (1) and (2), the general continuity equation [55] is given bẏ
For ΛCDM models [48, 49] , both f (t) and g(t) are set to be Λ/3, where Λ is a cosmological constant. Therefore, the right-hand side of Eq. (4) is 0 [65] . However, in general, the right-hand side of Eq. (4) is non-zero. For example, a non-zero right-hand side of the general continuity equation appears in Λ(t)CDM models [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] in which f (t) = g(t) is assumed. The original entropic-force model suggested by Easson et al. [52, 53] is similar to Λ(t)CDM models, as discussed later. Substituting f (t) = g(t) into Eq. (4), we havė
This is the general continuity equation for the Λ(t) type. The right-hand side of Eq. (5) is not 0 when f (t) is not constant. The Λ(t) type can be interpreted as a kind of energy exchange cosmology in which the transfer of energy between two fluids is assumed [67] , e.g., the interaction between matter and radiation [68] , interacting quintessence [69] , or the interaction between dark energy and dark matter [70] .
As another example, a non-zero right-hand side of the general continuity equation appears in bulk viscous models, in which a bulk viscosity ξ of cosmological fluids is assumed . (An effective pressure p e , e.g., p e (t) = p(t) − 3ξH(t), is assumed as well.) Consequently, the Friedmann equation for the bulk viscous model does not include extra driving terms, i.e., f (t) = 0. The bulk viscosity is usually the only thing that can generate an entropy in a homogeneous and isotropic universe [22] . The relationship between entropic-force and bulk viscosity has been discussed in Ref. [57] . In fact, cosmological equations for a modified entropic-force model examined in Ref. [57] are similar to those for the bulk viscous model. (As discussed later, similar cosmological equations are used in CCDM models [43] [44] [45] [46] [47] .) Substituting f (t) = 0 into Eq. (4), we havė
This is the general continuity equation for the BV type. We emphasize that the right-hand side of Eq. (6) is not 0, even if g(t) is constant, e.g., g(t) = Λ/3. That is, Eq. (6) is essentially different from Eq. (5). It is expected that the difference between Eqs. (5) and (6) affects the evolution of density perturbations, even if the background evolution of the universe is the same. It is possible to consider two types of entropic-force models, namely, the Λ(t) and BV types, and in Sec. II A, we review the two types of standard entropic-force model. In Sec. II B, we discuss an extended entropic-force model which includes H and constant entropic-force terms. The derivation of the entropic-force terms is summarized in Appendix A. We can derive H 2 , H, and constant terms from an area entropy S r2 , a volume entropy S r3 , and an entropy S r4 proportional to r 4 H , respectively, where r H is the Hubble horizon (radius) given by c/H.
A. Two types of standard entropic-force model
In entropic cosmology, the horizon of the universe is assumed to have an associated entropy and an approximate temperature due to the information holographically stored there [52, 53] . In Secs. II A 1 and II A 2, we present the Λ(t) and BV types, respectively.
For the Λ(t) type [f (t) = g(t)], we briefly review the original entropic-force model suggested by Easson et al. [52, 53] . Note that we neglect high-order terms for quantum corrections because we do not discuss the inflation of the early universe. In the original entropic-force model, entropic-force terms are summarized [54] as
where α 1 and α 2 are expected to be given as
The four coefficients α 1 , α 2 , β 1 , and β 2 are dimensionless constants. In Refs. [53, 54] , it was argued that the extrinsic curvature at the surface was likely to result in something like
In this way, general functions for the original entropicforce model are expected to be given by
This type, i.e., the Λ(t) type, has been the most typically examined entropic-force model [60] . The formulation can be interpreted as a modification of the left-hand side of the Einstein equation. The H 2 terms are derived from the Bekenstein entropy [52] , as shown in Appendix A 1.
H 2 andḢ terms included in Eqs. (7) and (8) have been investigated in Λ(t)CDM models [11, 60] . In those works, the influence ofḢ terms was found to be similar to that of H 2 terms. This implies that theḢ terms can be neglected [57] . In fact, Easson et al. first proposed that the derived entropic-force terms are H 2 terms; i.e.,Ḣ terms are not included in the entropic-force terms [52] . A similar fact was discussed in our previous works [55, 57] . Therefore, we neglectḢ terms, i.e., α 2 = β 2 = 0.
As examined in Refs. [9, 55, 57, 60] , H 2 andḢ terms cannot describe a decelerating and accelerating universe predicted by the standard ΛCDM model. For example, Basilakos et al. have shown it is not the H 2 andḢ terms, but rather an extra constant term that is important for describing a decelerating and accelerating universe [60] . The extra constant term for Λ(t)CDM models is naturally obtained from an integral constant of the renormalization group equation for the vacuum energy density [8, 10] . A similar constant term appears in the creation of cold dark matter (CCDM) models [43] [44] [45] [46] [47] . The CCDM model assumes a dissipation process based on gravitationally induced particle creation proposed by Prigogine et al. [71] . That is, the CCDM model corresponds to the BV type, as discussed in the next subsection.
BV type [f (t) = 0]
For the BV type [f (t) = 0], we briefly review a modified entropic-force model based on an effective pressure [57] . The model discussed here is similar to both bulk viscous models and to the CCDM models [43] [44] [45] [46] [47] . This is because an effective pressure is used in the two models, assuming dissipative processes.
In entropic-force models, H 2 terms are derived from the Bekenstein entropy (area entropy), whereas H terms are derived from a generalized black-hole entropy (volume entropy) [57] . The H 2 and H terms can be considered as extra driving terms. Consequently, general functions are given by
When we assume an effective pressure [57] , α 1 andα 3 are given as
α 3 andβ 3 are dimensional constants defined bŷ
where H 0 is the Hubble parameter at the present time t 0 . The four coefficients α 1 , β 1 , α 3 , and β 3 are dimensionless constants. In this case, i.e., when we consider an effective pressure, the Friedmann equation does not include an extra driving term [57] . (The formulation corresponds to a modification of the energy-momentum tensor of the Einstein equation.) Accordingly, general functions are summarized as
Because of the H term, this model can predict a decelerating and accelerating universe, as in the case for a fine-tuned standard ΛCDM model [57] . However, as mentioned previously, similar cosmological models were found to be difficult to reconcile with astronomical observations of structure formations. Previous works imply that it is difficult to reconcile the standard entropic-force model with the structure formation data, without including constant terms. However, we can derive a constant entropic-force term from an entropy S r4 proportional to r 4 H , as shown in Appendix A 3. Therefore, in the next subsection, we consider an extended entropic-force model which includes the constant term. Note that we assume S r4 as one of the possible entropies.
B. Extended entropic-force model
In this subsection, we consider an extended entropicforce model which includes H 2 , H, and constant entropicforce terms, in order to examine the Λ(t) and BV types. Similar extra driving terms have been discussed in various cosmological models, e.g., Λ(t)CDM, CCDM, and bulk viscous models [72] . However, their theoretical backgrounds are different from those of the entropic-force model.
As shown in Appendix A, the H 2 , H, and constant terms are derived from an area entropy S r2 , a volume entropy S r3 , and an entropy S r4 proportional to r 4 H , respectively. Using the three terms, the general functions are given by
whereα 3 ,β 3 ,α 4 , andβ 4 are defined bŷ
The six coefficients α 1 , β 1 , α 3 , β 3 , α 4 , and β 4 are dimensionless constants. The Λ(t) and BV types are determined from the dimensionless coefficients. We now consider the extended entropic-force model. From Eq. (18), the modified Friedmann equation is written as
and, from Eq. (19), the modified acceleration equation is written as
where w is given by
w represents the equation of state parameter for a generic component of matter. For non-relativistic matter (or a matter-dominated universe) w is 0, and for relativistic matter (or a radiation-dominated universe) w is 1/3. In the present paper, we focus on a matter-dominated universe, i.e., w = 0. Note that, for generality, we leave w in the following discussion. Coupling [(1 + 3w)× Eq. (21)] with [2× Eq. (22)] and rearranging, we obtaiṅ
where
(26) C 1 is a dimensionless parameter, whereasĈ 3 andĈ 4 are dimensional parameters. Using Eq. (20), dimensionless parameters C 3 and C 4 are given by
The values of the six coefficients (α 1 , β 1 , α 3 , β 3 , α 4 , and β 4 ) for the Λ(t) type are different from those for the BV type. However, as shown in Sec. V, it is possible to determine two sets of six parameters under the condition that C 1 , C 3 , and C 4 for the Λ(t) type are the same as those for the BV type. In this case, we can obtain the same solution from Eq. (24) . That is, the background evolution of the universe of the BV type is equivalent to that of the Λ(t) type. However, the continuity equation for the Λ(t) type [Eq. (5) [57] . Therefore, in this study, we neglect the H 2 entropic-force terms. That is, α 1 and β 1 are set to be 0.
As mentioned above, H terms and constant terms (C cst terms) are derived from a volume entropy and an entropy proportional to r 4 H , respectively. Accordingly, we consider the H and constant C cst terms separately. We call them the 'H version' and 'C cst version', respectively. The H and C cst versions are discussed in Secs. II B 1 and II B 2, respectively. In the following, we assume that C 1 , C 3 , and C 4 are positive constants.
H version
For the H version, the general functions are given by
Consequently, Eq. (24) is given aṡ
where C 1 andĈ 3 are given by Eqs. (25) and (26), respectively. When f (t) = 0, Eqs. (29)- (31) correspond to bulk viscous models studied in Refs. . The formulation of the H version is essentially equivalent to that examined in our previous work [57] . The evolution of the Hubble parameter is given as
where a 0 represents the scale factor at the present time and C 3 isĈ 3 /H 0 given by Eq. (27).
Ccst version
For the C cst version, the general functions are given by
Therefore, Eq. (24) is given aṡ
where C 1 andĈ 4 are given by Eqs. (25) and (26) 
When f (t) = g(t), Eqs. (33)- (36) are equivalent to those for the standard ΛCDM model. The solution is summarized in Appendix C.
III. FIRST-ORDER DENSITY PERTURBATIONS
We use two methods to examine density perturbations of the Λ(t) and BV types, in the linear approximation. In Sec. III A, we review first-order density perturbations of the Λ(t) type, according to the work of Basilakos et al. [6] . In Sec. III B, we review first-order density perturbations of the BV type, according to the work of Jesus et al. [46] . In the present study, we focus on the limit of large scales in the density perturbation.
A. Density perturbations of the Λ(t) type
Density perturbations in Λ(t)CDM models have been closely examined, e.g., see the work of Basilakos et al. [6] . In fact, formulations of the Λ(t) type discussed here are essentially equivalent to the Λ(t)CDM model. Therefore, we only briefly review density perturbations of the Λ(t) type, according to Ref. [6] . To this end, we assume a matter-dominated universe (w = 0), i.e., a pressureless fluid. Substituting p = 0 into Eq. (5), the continuity equation for the Λ(t) type becomeṡ
This equation is equivalent to the equation examined in Ref. [6] , when 8πG = c ≡ 1 and 3ḟ (t) =Λ(t). (We consider the mass density for matter [73] .) In Ref. [6] , Basilakos et al. have focused on models where the time dependence of Λ(t) appears always at the expense of an interaction with matter. The model can be interpreted as an energy exchange cosmology, in which the transfer of energy between two fluids is assumed [67] . Similarly, in the present study, we assume an interchange of energy between the bulk (the universe) and the boundary (the horizon of the universe) [61] , as if it were an energy exchange cosmology. Consequently, the time evolution equation for the matter density contrast δ ≡ δρ m /ρ m , i.e., the perturbation growth factor, is given by [73] 
In the present paper, ρ m is replaced by ρ, because we consider a single-fluid-dominated universe. Substituting Eq. (39) into Eq. (37), we obtain the continuity equation asρ
When 8πG = c ≡ 1 and 3ḟ (t) =Λ(t), Eqs. (39) and (40) are equivalent to those examined in Ref. [6] . Basilakos et al. investigated density perturbations in various types of variable cosmological terms [6] . Therefore, we employ their theoretical solutions, as discussed in Secs. IV A and IV B.
We note that it is necessary to define explicitly the functional form of the f (t) component, in order to solve the above differential equation. As described in Ref. [6] , the approach based on Eq. (38) implies that dark energy perturbations are negligible. This is justified in most cases [6, 74] . (For details, see Ref. [6] .) In the present study, we consider an interchange of energy between the bulk and the boundary. Accordingly, we assume that boundary perturbations are negligible.
B. Density perturbations of the BV type
The BV type discussed here is similar to both bulk viscous models and CCDM models [43] [44] [45] [46] [47] . This is because these models assume dissipation processes and therefore an effective pressure must be employed. In particular, density perturbations in the CCDM model have been closely examined, e.g., see the work of Jesus et al. [46] . Accordingly, we review the density perturbations of the BV type according to Ref. [46] .
In the present paper, we assume a matter-dominated universe (w = 0), i.e., a pressureless fluid. Substituting p = 0 into Eq. (6), the general continuity equation for the BV type is given bẏ
Hg(t).
This equation is essentially equivalent to the equation examined in Ref. [46] . To confirm this, we consider an effective pressure p e due to dissipation processes. The effective pressure p e is given by p e = p + p c , where p c is the creation pressure for constant specific entropy in the CCDM model [46] . In the present study, we interpret p c as a pressure derived from an entropic-force on the horizon of the universe. Substituting p = 0 into p e = p + p c , we have p e = p c . According to Ref. [46] , p c for a CDM component can be expressed as
where Γ is given as Γ = 3 4πG
Therefore, Eq. (41) can be written aṡ
Note that ρ is the mass density for matter. In the CCDM model, Γ is the creation rate of CDM particles. In the present study, we interpret Γ as a parameter for entropy production processes. From Eq. (42), the equation of state parameter is given by w = −Γ/(3H). Although Eq. (44) is similar to Eq. (40), Γ is different from Q.
In general, a perturbation analysis in cosmology requires a full relativistic description [46] . This is because the standard nonrelativistic (Newtonian) approach works well only when the scale of perturbation is much less than the Hubble radius and the velocity of peculiar motions is small in comparison to the Hubble flow. However, such difficulties are circumvented by the neo-Newtonian approximation, as described in Ref. [46] . In fact, Jesus et al. [46] closely investigated density perturbations in the CCDM model corresponding to the BV type. Therefore, we employ their formulations. The time evolution equation for the matter density contrast δ is given bÿ
where c 2 eff is defined by
In this study, ρ represents the mass density for matter. Jesus et al. assumed c 2 eff = c 2 eff (t) and that the spatial dependence of δ is proportional to e ik·x , where the commoving coordinates x (which are related to the proper coordinates r) are given by x = r/a. In Ref. [46] , c 2 eff is considered to be a new degree of freedom, and the influence of c 2 eff on the density perturbations is examined in detail. Note that we consider c 2 eff = 0 and the limit of large scales (k = 0), as discussed later.
In the present study, we assume a spatially flat universe, and therefore, the Friedmann equation is 4πGρ = 3H 2 /2. In addition, for numerical purposes, we employ a new independent variable [46] defined by η ≡ ln(ã(t)), whereã(t) = a(t) a 0 .
Using these equations, Eq. (45) can be rearranged as
where F (η) and G(η) [46] are given by
It should be noted that ′ represents the differential with respect to η, i.e., d/dη. We can apply Eqs. (48)- (50) to various models for the BV type. For example, the CCDM model proposed by Lima, Jesus, and Oliveira [44] (the LJO model) was closely examined in Ref. [46] . Formulations of the LJO model are equivalent to those of a BV-C cst model which includes a constant entropic-force term, as discussed in the next section. In addition, we can apply Eqs. (48)- (50) to a BV-H model which includes an H term. We discuss density perturbations in the BV-H and BV-C cst models in Secs. IV C and IV D, respectively.
The LJO model discussed above is obtained for a constant g(t). In the LJO model [46] , Γ is defined by
whereΩ Λ is a constant parameter and ρ c0 is the present value of the critical density given by ρ c0 = 3H 2 0 /(8πG). In a spatially flat matter-dominated universe, the Hubble parameter is given by
. This equation is equivalent to Eq. (36) when C 1 = 3/2 andΩ Λ = C 4 /C 1 .
IV. THE FOUR ENTROPIC-FORCE MODELS
In Sec. II A, we presented the Λ(t) and BV types of entropic-force models. In Sec. II B, we proposed the H and C cst versions which include H and constant entropicforce terms, respectively. Therefore, in the present paper, we examine four models obtained from combining the H and C cst versions with the Λ(t) and BV types. The four models, Λ(t)-H, Λ(t)-C cst , BV-H, and BV-C cst , are summarized in Table I .
To examine the four models, we consider a matterdominated universe given by w = 0.
As mentioned in Sec. II B, we neglect H 2 terms in the entropic-force terms, i.e., α 1 = β 1 = 0. Substituting α 1 = β 1 = 0 and w = 0 into Eq. (25) gives C 1 = 1.5. We define C 1 for a matter-dominated universe as C m , which is given by
In the standard cosmology, the universe for C 1 = 3/2 corresponds to a matter-dominated universe [48, 49] . We present formulations of the four models in the following subsections. (We note that the background evolution of the universe in the four models depends on the two equations Eqs. (31) and (35) . Therefore, the background evolution in the Λ(t) type is the same as that in the BV type.)
A. Λ(t)-H model
For the Λ(t)-H model, the general functions are written as
As shown in Eq. (32), the evolution of the Hubble parameter for the H version can be rearranged as
where E(ã) represents the normalized Hubble parameter H/H 0 andã is the normalized scale factor a/a 0 . In Eq. (55), C 1 has been replaced by C m (= 3/2) [Eq. (53)].
In the present study, C 3 is determined through fitting with a fine-tuned standard ΛCDM model, as discussed in Sec. V. Using the obtained C 3 and substituting w = 0 and α 3 = β 3 into Eq. (27), we have
Similarly,β 3 is given by (2/3)C 3 H 0 . We now discuss density perturbations. To this end, substituting Eq. (54) into Eq. (37), we obtain [75] ρ + 3ȧ 
Consequently, the time evolution equation for the perturbation growth factor in the Λ(t)-H model is given bÿ
The above equations are equivalent to a 'Λ ∝ H model' examined by Basilakos et al. [6] . Based on their solutions, the perturbation growth factor is written as
where J is given by
E(x) for the H version is given by Eq. (55). Therefore, we can examine the perturbation growth factor for the Λ(t)-H model using the determined C 3 and C m = 3/2. We note that C 3 /C m included in Eqs. (55) and (61) behaves as if it were the density parameter Ω Λ for Λ in the Λ ∝ H model [6] . Similarly, 1 −
C3
Cm behaves as if it were the density parameter Ω m for matter in the Λ ∝ H model. Note that Ω m is given by 1 − Ω Λ , when we assume a flat universe and neglect the density parameter Ω r for the radiation. In this study, the C 3 /C m term depends on an entropic-force derived from a volume entropy.
B. Λ(t)-Ccst model
For the Λ(t)-C cst model, the general functions are written as
The formulation of this model is equivalent to the standard ΛCDM model. As shown in Eq. (36), the evolution of the Hubble parameter for the C cst version is given as
where C 1 has been replaced by C m (= 3/2) andã represents a/a 0 . This equation is equivalent to the solution of the standard ΛCDM model. Therefore, the constant term C 4 /C m behaves as if it were Ω Λ in the standard ΛCDM model. Similarly, 1 −
C4
Cm behaves as if it were Ω m in the standard ΛCDM model in a flat universe. In this study, we determine C 4 from Ω Λ of a fine-tuned standard ΛCDM model, as discussed in Sec. V. Accordingly, we can obtain β 4 from the determined C 4 . Substituting w = 0 and α 4 = β 4 into Eq. (28), β 4 is written as
Similarly,β 4 is given by (2/3)C 4 H 2 0 . In order to discuss density perturbations, we substitute Eq. (62) into Eqs. (37) and (39) to givė
Substituting Q = 0 into Eq. (38), the time evolution equation for the perturbation growth factor is written as
Solving Eq. (66), we obtain the well-known perturbation growth factor [6, 76] given as
where E(x) for the C cst version is calculated from Eq. (63) . This solution is the same as the standard ΛCDM model. Note that we assume an entropy S r4 proportional to r 4 H in a matter-dominated universe [77] .
C. BV-H model
For the BV-H model, the general functions are written as
As shown in Eq. (55), the evolution of the Hubble parameter for the H version is given by
In the present study, C 3 is determined through fitting with a fine-tuned standard ΛCDM model. Consequently, the obtained C 3 for the BV-H model is the same as that for the Λ(t)-H model. Substituting w = 0 and α 3 = 0 into Eq. (27) , β 3 is given by
The obtained β 3 = C 3 is slightly different from β 3 = (2/3)C 3 [Eq. (56) ] for the Λ(t)-H model. We now examine the density perturbations. As discussed in Sec. III B, when p = 0, the general continuity equation for the BV type [Eq. (41)] is written aṡ
In addition, the parameter Γ for entropy production processes [Eq. (43)] is written as Γ = 3 4πG
In the following, we apply the method proposed in Ref.
[46] to the BV-H model. For the BV-H model, g(t) is given byβ 3 H(= β 3 H 0 H). Substituting Eq. (70) into this equation, we have
Substituting Eq. (73) into Eq. (72), Γ is given by Γ = 3 4πG
Using the critical density ρ c0 = 3H 
whereΩ ΛH for the BV-H model is given as
We emphasize thatΩ ΛH is not the density parameter for Λ, but is a constant parameter, althoughΩ ΛH behaves as if it were the density parameter for Λ. As discussed in Sec. III B, the time evolution equation for the perturbation growth factor is given by Eq. (45) . In Ref. [46] , c 2 eff included in Eq. (45) is considered to be a new degree of freedom. In the present study, we consider c 2 eff = 0; i.e., the pressure perturbation vanishes. In addition, we consider the limit of large scales (k = 0), in order to observe an overview of the density perturbations. Therefore, Eqs. (48)- (50) are written as
In Eqs. (77)- (79), ′ represents the differential with respect to η, i.e., d/dη, where η ≡ ln(ã(t)) [Eq. (47)]. It should be noted that H and Γ included in Eqs. (77)- (79) for the BV-H model are different from those for the LJO model [46] . From Eqs. (69), (75) , and (76), Γ/H can be rearranged as
where ρ c0 /ρ is replaced by (H 0 /H) 2 using the Friedmann equation. Also,ã
Cm is replaced by e 3η/2 using C m = 3/2 andã = e η . Similarly, we obtain
From Eqs (80)- (82), F (η) can be arranged as
or 
and G(η) can be arranged as 
Using F (η) and G(η), we can numerically solve the differential equation [Eq. (77)] for the BV-H model. To solve this, we employ the initial conditions of the Einstein-de Sitter growing model [46] . The initial conditions are set to be δ(ã i ) =ã i and δ ′ (ã i ) =ã i , whereã i = a i /a 0 = 10 −3 .
D. BV-Ccst model
For the BV-C cst model, the general functions are written as
As shown in Eq. (63), the evolution of the Hubble parameter for the C cst version is given by
In the present study, we determine C 4 from Ω Λ of a finetuned standard ΛCDM model, as discussed in Sec. V. That is, the obtained C 4 for the BV-C cst model is the same as C 4 for the Λ(t)-C cst model. Substituting w = 0 and α 4 = 0 into Eq. (28), β 4 is given by
The obtained β 4 = C 4 is slightly different from β 4 = (2/3)C 4 [Eq. (64)] for the Λ(t)-C cst model. We now examine the density perturbations. When p = 0, the general continuity equation for the BV type [Eq. (41)] is written asρ
and the parameter Γ [Eq. (43)] is written as Γ = 3 4πG
For the BV-C cst model, g(t) is given byβ 
whereΩ Λ for the BV-C cst model is given as
Note thatΩ Λ is not the density parameter for Λ, but is a constant parameter, althoughΩ Λ behaves as if it were the density parameter for Λ. The above equations are equivalent to those for the LJO model [44, 46] . For example, Eq. (92) is the same as Eq. (51). When we discuss the BV type, the time evolution equation for the perturbation growth factor is given by Eq. (45) . In this study, we consider c 2 eff = 0 and the limit of large scales (k = 0). Consequently, Eqs. (48)- (50) can be written as
Substituting Eqs. (88), (92), and (93) into Eqs. (95) and (96) and rearranging, F (η) and G(η) [46] can be summarized as
The evolution of δ is solved numerically, using the initial conditions of the Einstein-de Sitter growing model [46] , as described in Sec. IV C.
V. EVOLUTION OF THE UNIVERSE IN THE FOUR ENTROPIC-FORCE MODELS
We examine the evolution of the universe in the four entropic-force models, Λ(t)-H, Λ(t)-C cst , BV-H, and BV-C cst . To discuss the properties of the four models, we determine four dimensionless constants, α 3 , α 4 , β 3 , and β 4 , from the background evolution of the universe. The obtained constants for the four models are summarized in Table II . (Several parameters are 0 based on our definition of each model. For example, for the Λ(t)-H model, both α 4 and β 4 are 0, because constant terms with α 4 and β 4 are neglected in this model.)
For the H version (i.e., the Λ(t)-H and BV-H models), C 4 is 0. Accordingly, for the H version, we determine C 3 through fitting with a fine-tuned standard ΛCDM model [16] . To this end, we use the luminosity distance, as examined in Ref. [57] . After C 3 and C 4 are obtained, the four dimensionless constants α 3 , α 4 , β 3 , and β 4 , are determined from Eqs. (27) and (28) . (For the Λ(t) type, we have β 3 = (2/3)C 3 and β 4 = (2/3)C 4 , whereas we have TABLE II: Dimensionless constants for the four entropic-force models. We consider a matter-dominated universe, i.e., C1 = Cm = 1.5. For the Λ(t)-H and BV-H models, C3 is determined through fitting with the luminosity distance of a fine-tuned standard ΛCDM model [57] . For the Λ(t)-Ccst and BV-Ccst models, C4 is calculated from C1ΩΛ, where ΩΛ is 0.685 based on the Planck 2013 results [16] . For details, see the text.
β 3 = C 3 and β 4 = C 4 for the BV type.) The luminosity distance [78] is generally given by
where the integrating variable y, the function F (y), and the redshift z are given by
Substituting Eq. (32) into Eq. (99), we obtain the luminosity distance for the H version. For the standard ΛCDM model, the luminosity distance of a spatially flat universe is given as
where Ω m and Ω Λ represent the density parameters for matter and Λ, respectively. In the standard ΛCDM model, Ω m and Ω Λ are given by
Here ρ m is the density of matter, including baryonic and dark matter. In the present paper, we consider a spatially flat universe given by Ω total = Ω m + Ω Λ = 1, neglecting the density parameter Ω r for the radiation [55] [56] [57] . In particular, we consider the universe in which (Ω m , Ω Λ ) = (0.315, 0.685). This universe is obtained from a fine-tuned standard ΛCDM model, which takes into account the recent Planck 2013 best fit values [16] .
As examined in Ref. [57] , we determine C 3 for the H version, through fitting with the fine-tuned standard ΛCDM model, minimizing the function given by
where d L,Λ (z) and d L (z; C 3 ) are the luminosity distances for the fine-tuned standard ΛCDM model and the H version, respectively. Through fitting, C 3 is approximately determined to be 0.884 [57] . The dimensionless constants for the Λ(t)-H and BV-H models are summarized in Table II . Next, we determine the dimensionless constants for the C cst version, i.e., the Λ(t)-C cst and BV-C cst models. To this end, we determine C 4 . As shown in Eq. (36), the evolution of the Hubble parameter for the C cst version is given as
where C 1 can be replaced by C m = 3/2 [Eq. (53)]. Equation (103) is equivalent to the solution of the standard ΛCDM model. This implies that the constant term C 4 /C 1 behaves like Ω Λ in the standard ΛCDM model. Therefore, we determine C 4 from C 1 Ω Λ , without fitting. Consequently, C 4 is determined to be C 1 Ω Λ = 1.5 × 0.685 ≃ 1.03. The dimensionless constants for the Λ(t)-C cst and BV-C cst models are summarized in Table  II .
To observe the properties of the H and C cst versions, the luminosity distance d L is shown in Fig. 1 . The H version corresponds to the Λ(t)-H and BV-H models, whereas the C cst version corresponds to the Λ(t)-C cst and BV-C cst models. As shown in Fig. 1 , both the H and C cst versions agree well with the supernova data points. This is because, for the H version, C 3 = 0.884 is determined through fitting with a fine-tuned standard ΛCDM model. (The background evolution of the universe in the C cst version is the same as that in the fine-tuned standard ΛCDM model.) In addition, as discussed in Ref. [57] , the H and C cst versions can describe a decelerating and accelerating universe. To confirm this, we examine a temporal deceleration parameter q defined by
where positive q represents deceleration and negative q represents acceleration. (ä/a is equal toḢ + H 2 .) Substituting Eq. (31) The open diamonds with error bars are supernova data points taken from Ref. [14] . For the supernova data points, H0 is set to 67.3 km/s/Mpc [16] . Dimensionless constants for the H and Ccst versions are summarized in Table II . Note that dL for the H version is equivalent to dL examined in our previous work [57] .
or the C cst version, respectively, given as
From Eq. (105), we can calculate each temporal deceleration parameter. As shown in Fig. 2 , both the H and C cst versions describe a decelerated and accelerated expansion of the universe in low redshift. In this way, the H version is similar to the C cst version, when we focus on the background evolution of the universe. Note that the original entropic-force model [52, 53] cannot describe a decelerating and accelerating universe [9, 60] , because H and constant entropic-force terms are not included.
We now examine first-order density perturbations in the four models. To this end, we observe the evolution of the perturbation growth factor δ. As described in the previous section, δ for the BV-H and BV-C cst models is numerically solved by using the initial conditions of the Einstein-de Sitter growing model, i.e., δ(ã i ) =ã i and δ ′ (ã i ) =ã i , whereã i = a i /a 0 = 10 −3 . In contrast, we calculate δ for the Λ(t)-H and Λ(t)-C cst models without using the initial conditions. Consequently, we find that δ(ã i ) for the Λ(t)-H model is slightly smaller than 10 −3 . Therefore, δ for the Λ(t)-H model is normalized so that δ(ã i ) =ã i = 10 −3 is satisfied. The normalized values are plotted in Fig. 3 
For small a/a 0 (a/a 0 0.1), δ increases with a/a 0 , as shown in Fig. 3 . Thereafter, the increase of δ for the Λ(t)-H, BV-H, and BV-C cst models tends to gradually slow. For a/a 0 1, δ for the three models decreases, whereas δ for the Λ(t)-C cst does not decrease. It is clearly shown that density perturbations for the Λ(t)-C cst and BV-C cst models are different from each other. However, as mentioned previously, the background evolution of the universe in the BV-C cst model is the same as that for the Λ(t)-C cst model. Similarly, density perturbations for the Λ(t)-H and BV-H models are different from each other although the background evolution in the two models is the same. In addition, for a/a 0 0.5, δ for the BV types decreases significantly, in comparison with the Λ(t) types.
Finally, we observe the evolution of an indicator of clustering, namely, the growth rate of clustering [76] . (For the Λ(t)CDM and CCDM models, the growth rate has been closely examined, e.g., see Refs. [6, 46] .) The growth rate f (z) of clustering is calculated as
The evolution of the growth rate of clustering in the four models is shown in Fig. 4 . The observed data points are taken from a summary of Ref. [46] . Note that each original data point is given in Refs. [80] [81] [82] [83] [84] [85] [86] . As shown in Fig.  4 , for high z (z 2), the growth rate f (z) of each model is positive and is likely consistent with the observed data points. For low z (z 1), f (z) for the Λ(t)-H, BV-H, and BV-C cst models tends to be negative and disagrees with the observed growth rate. This is because, as shown in Fig. 3, δ for the three models decays at high a/a 0 (corresponding to low z). As shown in Fig. 2 , the H version (i.e., the Λ(t)-H and BV-H models) can describe a decelerating and accelerating universe predicted by the standard ΛCDM model. However, the Λ(t)-H and BV-H models disagree with the observed growth rate of clustering [ Fig. 4 ]. In addition, the BV-C cst model disagrees with the observed growth rate, although its background evolution is the same as the Λ(t)-C cst model. Of course, as examined in Ref. [46] , the BV-C cst model agrees with the observed growth rate if c 2 eff is set to be −1 assuming that c 2 eff is a free parameter. However, in the present paper, we do not discuss the case for c 2 eff = 0.
In contrast, f (z) for the Λ(t)-C cst model agrees well with the observed growth rate, even for low z, as shown in Fig. 4 . This is because the formulation of the Λ(t)-C cst model is equivalent to that of the standard ΛCDM model. We find that the Λ(t) types (i.e., the Λ(t)-H and Λ(t)-C cst models) are consistent with the observed growth rate, in comparison with the examined BV types (i.e., the BV-H and BV-C cst models). This indicates that the Λ(t) type, especially the Λ(t)-C cst model, is suitable for describing structure formations. Note that an entropy S r4 proportional to r 4 H is required for the Λ(t)-C cst model, as discussed in Appendix A 3.
In the present paper, we study the evolution of the universe in the four entropic-force models, obtained by combining the H and constant entropic-force terms with the Λ(t) and BV types. Similar results have been examined in bulk viscous models, CCDM models, and Λ(t)CDM models. For example, cosmological models similar to the BV-H, BV-C cst , and Λ(t)-H models have been closely investigated in Refs. [33] , [46] , and [6] , respectively. Our results are consistent with those examined in the previous works.
VI. CONCLUSIONS
Entropic-force models are categorized into two types. The first is the Λ(t) type similar to Λ(t)CDM models, and the second is the BV type similar to bulk viscous models (and CCDM models). In order to examine the two types systematically, we have considered an extended entropicforce model which includes H and constant C cst terms. In particular, we have focused on the H and C cst terms separately, in a homogeneous, isotropic, and spatially flat matter-dominated universe. The constant entropic-force term considered here is derived from an entropy S r4 proportional to r 4 H , assuming S r4 as one of the possible entropies.
In the present paper, we have examined four models, the Λ(t)-H, Λ(t)-C cst , BV-H, and BV-C cst models, which are obtained from combining the H and C cst terms with the Λ(t) and BV types. The four models agree well with observed supernova data points and describe a decelerated and accelerated expansion of the universe. In order to examine first-order density perturbations in the four models, we used two formulations proposed by Basilakos et al. [6] and Jesus et al. [46] . In addition, we have extended the formulation, in order to study the BV-H model. Consequently, for large a/a 0 , the perturbation growth factor δ for the Λ(t)-H, BV-H, and BV-C cst models decreases, whereas δ for Λ(t)-C cst does not decrease. Therefore, for low redshift, the growth rate for the Λ(t)-H, BV-H, and BV-C cst models tends to be negative and disagrees with the observed growth rate. It is found that for low redshift, H versions (i.e., the Λ(t)-H and BV-H models) are not consistent with structure formations, though the H version describes a decelerating and accelerating universe. In contrast, the growth rate for the Λ(t)-C cst model agrees well with the observed growth rate. Interestingly, the BV-C cst model disagrees with the observed growth rate, although its background evolution of the universe is the same as that of the Λ(t)-C cst model. Note that the BV-C cst model agrees with the observed growth rate if c 2 eff is considered to be a free parameter, as examined by Jesus et al. [46] .
It is also found that Λ(t) types (the Λ(t)-H and Λ(t)-C cst models) are consistent with the observed growth rate, in contrast with BV types (the BV-H and BV-C cst models). Therefore, in entropic-force models, the Λ(t) type is likely suitable for describing density perturbations or structure formations. Through the present study, we have revealed fundamental properties of the two types of entropic-force models systematically. Of course, similar cosmological models have been discussed in bulk viscous models [33] , CCDM models [46] , and Λ(t)CDM models [6] . Our results are related to those cosmological models although the theoretical backgrounds are different.
where A and H 0 t 0 are given by
We can apply the above solutions to both the Λ(t) and BV types. The solutions are equivalent to those for the general Λ(t)CDM model [6] .
(C13) Solving this integral yields 
and rearranging this gives
where t H0 is defined by t H0 ≡ H 0 (t − t 0 ).
The equivalent equations have been extensively examined in ΛCDM and Λ(t)CDM models. Note that the constant term considered here is derived from an entropy S r4 proportional to r
